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We studied pure state transformations using local operations assisted by finitely many rounds
of classical communication (LOCCIN ) in C. Spee, J.I. de Vicente, D. Sauerwein, B. Kraus,
arXiv:1606.04418 (2016). Here, we first of all present the details of some of the proofs and generalize
the construction of examples of state transformations via LOCCIN which require a probabilistic step.
However, we also present explicit examples of SLOCC classes where any separable transformation
can be realized by a protocol in which each step is deterministic (all-det-LOCCIN ). Such transfor-
mations can be considered as natural generalizations of bipartite transformations. Furthermore, we
provide examples of pure state transformations which are possible via separable transformations,
but not via LOCCIN . We also analyze an interesting genuinely multipartite effect which we call
locking or unlocking the power of other parties. This means that one party can prevent or enable the
implementation of LOCC transformations by other parties. Moreover, we investigate the maximally
entangled set restricted to LOCCIN and show how easily computable bounds on some entanglement
measures can be derived by restricting to LOCCIN .
I. INTRODUCTION
Quantum information theory has been successfully de-
veloped in the last decades and has shown that the non-
classical features of quantum mechanics can be used to
realize revolutionary technologies [1]. These very promis-
ing applications include quantum communication, com-
putation and simulation. Entanglement plays a crucial
role in these quantum advantages, which has led to the
development of entanglement theory [2]. This theory
studies the properties of entangled states and aims at
understanding the ultimate possibilities and limitations
of these states as a resource. However, while bipartite
entanglement is fairly well understood, much more ques-
tions remain open in the multipartite realm. Although a
handful of tasks have been already identified in this con-
text, such as measurement-based quantum computation
[3], metrology [4] or secret-sharing [5], a deeper under-
standing of the complex structure of multipartite entan-
gled states and of the fundamental protocols for their
manipulation seems indispensable in order to find new
truly multipartite applications of quantum information
theory. Moreover, the entanglement properties of multi-
partite states are actively being exploited for the study
of condensed-matter systems like, for example, in phase
transitions [6] or to devise numerical methods [7].
The concept of transformations implementable by local
operations assisted by classical communication (LOCC)
plays a central role in entanglement theory [2]. First
of all, this is because, entanglement being a property of
systems with many constituents, this is the most gen-
eral form of manipulation for distant parties (that only
share classical channels). Each party can implement lo-
cally any form of quantum dynamics, i.e. a completely
positive map. However, the particular map to be imple-
mented may depend on the outcomes of previous mea-
surements carried out by other parties, an information
that can be shared through the use of classical communi-
cation. Thus, LOCC protocols are made out of sequen-
tial rounds in which a given party implements locally
a completely positive map via a quantum measurement
using a particular Kraus decomposition and informs the
others of the outcome of such measurement, which con-
ditions the subsequent measurements to be carried out.
With this, LOCC transformations provide the basis for
all possible protocols for the manipulation of entangled
states and, therefore, characterize the ultimate potential
of quantum states for implementing quantum informa-
tion tasks. Second and most importantly, entanglement
theory is a resource theory where the free operations are
those which can be realized precisely via LOCC. This
means that LOCC convertibility induces the only op-
erationally meaningful ordering in the set of entangled
states. If ρ can be transformed into σ by LOCC, then
ρ is at least as useful as σ, as any application of the
latter can be achieved by the former but not necessarily
the other way around. This is because if the parties are
provided with ρ, they can transform it to σ at no cost
and then carry on with the protocol. Thus, the study
of LOCC transformations reveals the relative usefulness
of the different quantum states and underpins the quan-
tification of entanglement. Entanglement measures must
be quantities that respect this ordering, i.e. that do not
increase under these transformations [2].
Unfortunately, it turns out that the structure of LOCC
maps is mathematically very subtle [8]. Remarkably,
it has been shown that there exist transformations in-
volving ensembles of states that require infinitely many
rounds of classical communication [9]. This result shows
that the very intricate structure of successive rounds can-
not be simplified a priori in the study of general protocols.
These difficulties have led to consider the larger class of
separable (SEP) maps [10]. This set is strictly larger than
LOCC [11] and does not have any known operational in-
2terpretation but is mathematically more tractable. Thus,
convertibility under SEP operations is a necessary con-
dition for LOCC convertibility. Notwithstanding, there
are certain situations in which it is enough to consider
simple LOCC protocols to characterize LOCC convert-
ibility. Reference [12] has shown that for transformations
among pure bipartite states it suffices to consider proto-
cols with one round of classical communication. That is,
it is enough that one party implements a quantum mea-
surement upon whose result the other party only needs
to implement a local unitary (LU) transformation. In-
terestingly, this simplification allowed to characterize all
LOCC transformations among pure bipartite states [13].
Moreover, it was later shown that in this setting SEP
transformations are exactly as powerful as LOCC [14].
Recent works have studied LOCC convertibility among
pure multipartite states in the simplest possible settings
of 3-qubit, 4-qubit and 3-qutrit states [15–20]. The tech-
niques some of us have used there is to use the results
of [21] to characterize convertibility under SEP. Then,
one can usually see that the possible SEP transforma-
tions can be indeed implemented by simple LOCC pro-
tocols that extend naturally those which are sufficient in
the bipartite case. All possible LOCC transformations
among pure states identified so far fall into this category
that we call all-deterministic LOCCIN (all-det-LOCCIN ).
These are protocols in which every round is determinis-
tic. That is, upon every non-trivial measurement carried
out by a party, the remaining parties can implement LUs
conditioned on the outcome in such a way that at the
end of the round one has the same state independently
of the outcome of the measurement. This implies that
every intermediate step in the protocol is a deterministic
LOCC transformation as well. This extends the bipar-
tite protocols with the only difference that in this case
more parties might implement non-trivial measurements.
Given these results, it would be tempting to conjecture
that it suffices to consider all-det-LOCCIN protocols to
characterize LOCC transformations among pure multi-
partite states, which could allow to solve this problem
completely as it happened in the bipartite case. Still, it
is worth mentioning that, contrary to the bipartite case,
SEP transformations among pure multipartite states (3-
qutrit states) have been identified that cannot be imple-
mented by LOCC [20]. Some conditions that can allow to
decide when a SEP protocol is implementable by LOCC
have been derived in [22] and references therein.
In [23], to which this article is the companion, we have
studied LOCC transformations among pure multipartite
states with finitely many rounds of classical communi-
cation. We call these protocols LOCCIN . First, this is
a more realistic scenario of protocols implementable in
practice. Second, this is the natural approach to comple-
ment our previous efforts that relied on SEP. While SEP
approximates the set of LOCC maps from the outside,
LOCCIN considers a very general set of protocols that
approximate LOCC maps from the inside. Actually, it
is not even known if infinite-round LOCC protocols are
strictly more powerful than LOCCIN for pure-state ma-
nipulation. Moreover, we provide for the first time gen-
eral techniques to address convertibility under this very
general class of LOCC maps. The key observation in this
case is that all LOCCIN protocols must terminate and,
hence, every branch of the LOCC protocol has to finish
with a deterministic measurement by one party. This
puts severe constraints on the possible transformations
as we have shown in [23]. Interestingly, our techniques
apply to a very general class of multipartite states of ar-
bitrary dimensions and arbitrary number of subsystems.
In particular, it has been shown that almost every n-
qubit state (n > 3) [24] and almost all three-qutrit states
[20] belong to this class.
In Sec. II we give a detailed outline of this paper and
concisely summarize our results. On the one hand, we
provide full proofs of many results outlined in [23] and
on the other hand, we generalize and extend the ana-
lyis of LOCCIN transformations of pure states. In par-
ticular, we present general results on these transforma-
tions and analyze a genuinely multipartite phenomenon
which we called locking and unlocking the power of others
in [23]. Moreover, we investigate the maximally entan-
gled set (MES) [17] if restricted to LOCCIN and derive
easily computable bounds on certain entanglement mea-
sures. Furthermore, we identify classes of states where
any pure state transformation within SEP can be real-
ized by LOCC via an all-det-LOCCIN protocol. In con-
trast to that, we provide a general construction of state
transformations that show that all-det-LOCCIN proto-
cols are not sufficient to implement any LOCCIN pure
state transformation.
II. OUTLINE AND RESULTS
We investigate LOCCIN transformations among truly
n-partite entangled pure states |Ψ〉 , |Φ〉 ∈ ICd1⊗ . . .⊗ ICdn
whose single-subsystem reduced states have full rank.
We consider states that are elements of the same stochas-
tic LOCC (SLOCC) class, represented by a state |Ψs〉.
Moreover, we consider SLOCC classes for which the
local stabilizer of |Ψs〉, i.e. the set of all local invertible
matrices S = S(1) ⊗ . . . ⊗ S(n) for which S |Ψs〉 = |Ψs〉,
contains only finitely many elements (see Sec. III for de-
tails). These classes include, e.g., almost all three-qutrit
and almost all n-qubit states, for n > 3. We call a state
|Φ〉 reachable via LOCCIN , in short LOCCIN -reachable,
if there is a (LU-inequivalent) state |Ψ〉 from which |Φ〉
can be obtained via LOCCIN . In [23] we provided a
very simple characterization of all LOCCIN -reachable
states (see also Sec. IVA). A particularly simple class of
LOCCIN protocols are all-det-LOCCIN . There, in the
first step (round) e.g. A performs a measurement and
the other parties apply, depending on the measurement
outcome LUs to transform the initial state, |Ψ〉 into a
state |Ψ1〉 deterministically. In the second step e.g. B
applies a measurement (and the other parties LUs) to
3transform |Ψ1〉 into |Ψ2〉, etc. The protocol proceeds
in this way until the final state is reached. That is, in
each step a deterministic transformation is realized. As
mentioned before, all previously identified pure state
transformations are (up to our knowledge) of this simple
form. Moreover, in the bipartite setting, any transfor-
mation can be realized by a all-det-LOCCIN . In fact, for
pure state transformations we have in the bipartite case
that all − det− LOCCIN = LOCCIN = LOCC = SEP .
However, in the multiparite setting this simple relations
change to all − det − LOCCIN ( LOCCIN ⊆ LOCC (
SEP , highlighting the difference between bipartite and
multipartite entanglement. The inequivalence between
LOCC and SEP has been shown in [20], whereas the
fact that not any LOCCIN is of the simple form of
a all-det-LOCCIN is shown in [23]. Here, apart from
providing the detailed proofs of the results presented in
[23], we also present a general method of constructing
examples of pure state transformations for which more
sophisticated LOCCIN protocols are required than all-
det-LOCCIN . Moreover, we analyze important features
which only occur in the multipartite setting, characterize
important sets of states and derive bounds on certain
entanglement measures using the characterization of
LOCCIN –reachable states. Below we list and explain
the results presented here in more detail.
a. States reachable via LOCCIN (Sec. IVA)
We first review the characterization of LOCCIN -
reachable states (Theorem 1) in SLOCC classes with
finite stabilizer given in [23]. A corollary of Theorem 1
stated in [23] is that almost no n-qubit state (n > 3)
is reachable via LOCCIN . In Sec. IVA of this work
we present a detailed proof of this result. We then use
Theorem 1 to find an example of a four-qubit state
transformation that can be implemented via SEP, but
not via LOCCIN . This shows that the result of [18] that
LOCCIN = SEP for generic four-qubit states does not
generalize to all four-qubit states.
b. States convertible via all-det-LOCCIN (Sec.
IVB)
All-det-LOCCIN protocols are considerably more struc-
tured than general LOCC protocols. Yet, all LOCC
transformations among pure multipartite (and bipartite)
states, that we are aware of, can also be performed
via an all-det-LOCCIN protocol. In [23] we gave a
characterization of all-det-LOCCIN transformations
within SLOCC classes with finite stabilizer. In IVA of
this work we provide a full analysis of these results and
provide rigorous proofs thereof.
c. Locking and unlocking of power (Sec. IVC)
We analyze an interesting genuinely multipartite effect
that we have only briefly outlined in [23]: locking and
unlocking the power of other parties. This means that
one party, i, can prevent or enable the transformation of
a pure state via a one-round all-det-LOCCIN protocol
in which only one party, j, acts nontrivially. That
is, party i can prevent or enable party j to start an
all-det-LOCCIN transformation. We investigate under
which conditions these phenomena can occur. Moreover,
we provide explicit examples of unlocking the power.
We also show that there are classes of states in which
unlocking is not possible and provide explicit examples
thereof.
d. The Maximally entangled set under LOCCIN
(Sec. V)
In [17] the concept of the maximally entangled set
(MES) has been introduced, which can be considered as
the natural generalization of the maximally entangled
state. The MES is defined as the minimal set of states of
a quantum system from which all other truly n-partite
entangled pure states can be obtained deterministically
via LOCC. While the bipartite MES contains (up to
LUs) only the maximally entangled state, it can contain
infinitely many states and even be of full measure [17]
in the multipartite case. In Sec. V we analyze the
MES if the set of operations is restricted to LOCCIN .
Moreover, we use the characterization of all-det-LOCCIN
to identify all states in the MES restricted to LOCCIN
that are convertible via all-det-LOCCIN protocols to an
LU-inequivalent state.
e. Estimation of entanglement measures (Sec. V)
In [29] two operational entanglement measures have been
introduced, the source and the accessible entanglement.
The former characterizes the difficulty of generating
the state at hand, and the latter the potentiality of a
state to generate other states via LOCC. In this work,
we show that one can define similar functions that
quantify the resourcefulness of a quantum state under
all-det-LOCCIN . Clearly, the difficulty of generating a
state via all-det-LOCCIN is at least as high as via LOCC
as all-det-LOCCIN ⊆ LOCC. Similarily, the potentiality
of a state to generate other states via all-det-LOCCIN
is at most as high as via LOCC. In Sec. V we use
these insights in combination with our characterization
of all-det-LOCCIN to derive bounds on the accessible
and the source entanglement.
f. Examples of SLOCC classes where all-det-LOCCIN
protocols are sufficient (Sec. VI)
As explained above, it holds that all− det− LOCCIN (
LOCCIN ⊆ LOCC ( SEP . However, in Sec. VI we
explicitly construct SLOCC classes of 2m-qubit states
(m ≥ 2) for which all − det − LOCCIN = SEP holds.
Hence, all LOCC transformations within these classes
can be characterized using the results on all-det-LOCCIN
of Sec. IVB. For example, this makes it easy to derive
entanglement measures for pure states for these classes,
as we explain in Sec. VI.
g. All-det-LOCCIN protocols are not sufficient for
LOCCIN pure-state transformations (Sec. VII)
4As mentioned before, all LOCC transformations of mul-
tipartite pure states (including the bipartite case) that
have, to our knowledge, been identified so far, can be
realised by a relatively simple all-det-LOCCIN protocol.
However, in [23] we have shown that this is not always the
case, i.e. that all−det−LOCCIN ( LOCCIN . More pre-
cisely, we have considered a particular example of a pure
state transformation that can be performed via LOCCIN
but requires a non-deterministic intermediate step, and
hence cannot be performed via all-det-LOCCIN . In Sec.
VII of this work we discuss a general construction that
allows to obtain such examples. These results show that
the transformation of multipartite entanglement can re-
quire LOCC protocols that are more sophisticated than
the bipartite protocols. Moreover, it shows again that
a characterization of all multipartite LOCC transforma-
tions is very complex and may stay elusive.
III. PRELIMINARIES
We consider transformations among pure truly n-
partite entangled states of the same dimensions. That
is, both the input and target state fulfill |Ψ〉 , |Φ〉 ∈
ICd1⊗ . . .⊗ICdn ≡ H = ⊗iHi (with di denoting the dimen-
sion of subsystem i) and are entangled in the same dimen-
sions, i.e. the single-subsystem reduced density matrices
have full rank. Moreover, we consider states in the same
stochastic LOCC (SLOCC) class [25], which means that
there exist invertible matrices Ai for i ∈ {1, . . . , n} such
that |Ψ〉 ∝ A1 ⊗ . . .⊗An |Φ〉.
Any trace-preserving completely positive map Λ acting
on states ρ on H admits a Kraus representation
Λ(ρ) =
∑
i
XiρX
†
i , (1)
where the Kraus operators {Xi} fulfill the normaliza-
tion condition
∑
iX
†
iXi = 1l. Rather than maps we
usually refer to quantum measurements represented by
the positive-operator valued measure (POVM) elements
{X†iXi}. The map Λ is said to be SEP if all the (prop-
erly normalized) Kraus operators are product operators
on H, i.e.
Xi = X
(1)
i ⊗ . . .⊗X(n)i ∀i, (2)
whereX
(j)
i acts on IC
dj . The map Λ is said to be LOCCIN
with m ∈ IN rounds of classical communication if we can
split the index of the map into a multi-index with m
entries i = (i1 · · · im) and the Kraus operators factorize
according to
Xi = X(i1···im) =
m∏
k=1
U
(1)
ik
({ij}j<k)⊗ · · · ⊗X(s)ik ({ij}j<k)⊗ · · · ⊗ U
(n)
ik
({ij}j<k), (3)
where the order of the product in k is from right to left.
This means that the action of the parties at each round k
of the protocol (i.e. the corresponding map to be imple-
mented) depends on the previous indices {ij}j<k. More-
over, the party or parties, s, that act non-unitarily in
round k depend as well on {ij}j≤k, i.e. s = s({ij}j≤k)
(which we do not explicitly write to ease the notation)
[33]. These parties have to implement a proper POVM
and, hence, the normalization
∑
ik
(X
(s)
ik
({ij}j<k))†X(s)ik ({ij}j<k) = 1l (4)
has to hold at every branch of the protocol corresponding
to the round k (i.e. for all values of {ij} such that j < k).
The round finishes by the remaining parties implement-
ing a unitary transformation U
(l)
ik
({ij}j<k) (l 6= s) deter-
mined not only by all previous indices {ij}j<k but also
by the outcome at the present round ik. We say that a
transformation from |Ψ〉 to |Φ〉 can be implemented by
SEP or LOCCIN whenever there exist maps as specified
above such that Λ(|Ψ〉 〈Ψ|) = |Φ〉 〈Φ|. Notice that LU
transformations,
|Φ〉 = U (1) ⊗ · · · ⊗ U (n) |Ψ〉 , (5)
are invertible LOCC transformations that are always pos-
sible and do not change the entanglement of a state.
Thus, we only consider transformations among different
LU-equivalence classes even if we refer to states. In this
way, whenever there exist (SEP or LOCCIN ) protocols
such that Λ(|Ψ〉 〈Ψ|) = |Φ〉 〈Φ| and the states are not
LU-equivalent we say that the state |Ψ〉 is convertible
and the state |Φ〉 is reachable (by SEP or LOCCIN ).
The general class of multipartite states that we are go-
ing to consider here is given by the following condition.
They belong to an SLOCC class such that it has a repre-
sentative |Ψs〉 that has a finite local stabilizer group [21].
The local stabilizer of a state |Ψs〉, SΨs , is the group of
all product invertible matrices S such that
S |Ψs〉 = |Ψs〉 with S = S(1) ⊗ S(2) ⊗ . . .⊗ S(n). (6)
It has been moreover shown in [21] that if the stabilizer
is finite, one can always find a representative of the class
|Ψs〉 such that all elements of the stabilizer (which we
5also call symmetries) correspond to LUs. Thus, without
loss of generality, we always consider this to be the case.
Every state which is in the same SLOCC class as |Ψs〉
can then be written (ignoring normalization) as g |Ψs〉,
with g = ⊗ni=1gi where gi ∈ GL(di) ∀i. Obviously, the
operator g is not unique for a given LU-equivalence class.
For this reason, we consider the positive operators Gi =
g†i gi that lead to G = ⊗ni=1Gi. With this, the operator
G is uniquely given by the LU-equivalence class up to
conjugation by elements of the stabilizer group S†kGSk.
Without loss of generality, the normalization of the states
is chosen such that the operators {Gi} have all unit trace.
In the particular case of n-qubit states, to refer to the
states we often use the IR3 vectors {gi} arising from the
Bloch representation
Gi =
1l
2
+ gi · ~σ, (7)
where ~σ = (σ1, σ2, σ3) and {σi} represent the Pauli ma-
trices (we also use σ0 = 1l). Notice that it must hold that
||gi|| < 1/2 ∀i in order to guarantee the positiveness of
Gi.
Let us also review here the results of [21] that charac-
terize SEP conversions among pure states. Whenever we
study a transformation inside a given SLOCC class, we
always denote by g |Ψs〉 the initial state and by h |Ψs〉
the final state (the operators {Hi} and vectors {hi} are
given on the analogy to the above definitions). A trans-
formation by SEP among pure states in an SLOCC class
with unitary stabilizer group SΨs is possible if and only
if (iff) there exists a probability distribution {pk} over
the finite set of symmetries such that∑
k
pkS
†
kHSk = G. (8)
This shows the fundamental role played by the stabilizer
group in this context. The intuition behind this result is
that the only way to obtain a SEP map such that
Λ
(
g |Ψs〉 〈Ψs| g†
tr(g |Ψs〉 〈Ψs| g†)
)
=
h |Ψs〉 〈Ψs|h†
tr(h |Ψs〉 〈Ψs|h†) (9)
is that the Kraus operators (as given by Eqs. (1)-(2))
fulfill
Xk =
√
pkh1S
(1)
k g
−1
1 ⊗ . . .⊗ hnS(n)k g−1n , (10)
for some symmetries {Sk} ∈ SΨs . Equation (8) ensures
then the proper normalization of the map. Notice that
the set of operatorsH which can be reached by SEP from
G is convex. That is, the states which are reachable from
a state g |Ψs〉 are defined by the convex set
{H : ∃{pk ≥ 0},
∑
k
pk = 1 :
∑
k
pkS
†
kHSk = G}.
To conclude this preliminary section let us discuss the
generality of the states considered here, i.e. those that be-
long to an SLOCC class with finite (and hence unitary)
stabilizer. First of all, it has been shown that generic
n-qubit states with n > 3 belong to SLOCC classes with
this property [24]. In the more general case of multiqudit
states some of the SLOCC classes also possess a repre-
sentative which has only finitely many local symmetries.
Moreover, as for instance in the case of 3-qutrit states,
the union of these SLOCC classes can be generic too [26].
Notwithstanding, considering arbitrary SLOCC classes,
it should be stressed that it is not clear, even if the stabi-
lizer is known to be finite, whether it is the case that there
exist non-trivial symmetries beyond S = 1l. For SLOCC
classes with a trivial stabilizer the aforementioned result
on SEP convertibility allows to prove that no SEP (and,
therefore, no LOCC) conversion is possible among pure
states. Thus, besides the known examples of 4-qubit and
3-qutrit states in Sec. VI we provide more examples of
SLOCC classes for 2m–qubit states (m ≥ 2) that have a
non-trivial finite stabilizer.
IV. GENERAL RESULTS ON
CONVERTIBILITY UNDER LOCCIN
To start, we review the results on LOCCIN -
convertibility presented in the companion paper [23]
and we present fully-detailed proofs of claims outlined
therein. We also discuss more extensively the implica-
tions of some of these investigations and provide explicit
examples for the phenomenon that the action of one party
can allow or prevent another party to implement a de-
terministic transformation.
A. Reachable states
One of our main results in [23] is to characterize all
reachable states via LOCCIN in the considered SLOCC
classes as it is stated in the following theorem.
Theorem 1. A state |Φ〉 ∝ h |Ψs〉 is reachable via
LOCCIN , iff there exists S ∈ SΨs and a j ∈ {1, . . . , n}
such that:
(i) For any i 6= j [Hi, S(i)] = 0 and
(ii) [Hj , S
(j)] 6= 0.
The proof of this theorem is given in [23]. The idea be-
hind it is somehow similar to the intuition given above on
the condition under SEP. Since the protocol contains a
finite number of rounds, in every branch there must exist
a last measurement by one party that maps determinis-
tically the state in this branch to the target state so that
the process terminates. If we denote this second-to-last
state in one branch by g |Ψs〉, the measuring party, say j,
can only implement a POVM with local measurement op-
erators X
(j)
k ∝ hjS(j)k g−1j , which requires condition (ii).
The fact that the other parties can map by LUs the dif-
ferent outcomes to the final state requires condition (i).
6Theorem 1 easily reveals whether a state is reachable
or not once the unitary stabilizer SΨs is determined. In
[19, 20] we have provided general means to achieve this
task. Moreover, as we discuss below our techniques also
allow to answer in many instances which states can be
transformed into the reachable states. However, interest-
ingly, it is now very intuitive to see that very few states
are going to have the property of being reachable. Notice,
that this is only the case for general states
⊗
i hi|Ψs〉 if
all but one of the {Hi} commute with the local part of
one symmetry S ∈ SΨs , which is a very restrictive con-
dition. Actually, in [23] we give the following corollary,
whose proof we detail here.
Corollary 2. The set of n-qubit states (n > 3) which
are reachable via a LOCCIN protocol is of measure zero.
Proof. As stated above, for n-qubit states of more than
three parties our SLOCC classes are generic and, hence,
Theorem 1 applies. In the Bloch representation picture
the action of the SU(2) unitaries S
(i)
k translate to SO(3)
rotations. Thus, [Hi, S
(i)] = 0 can only hold if hi lies
on the axis of the corresponding rotation (or is zero).
Thus, since there are only finitely many symmetries, the
sets of vectors {hi} fulfilling condition (i) in Theorem 1
are of measure zero in the Bloch ball. It just remains to
take into account that two sets of vectors correspond to
the same LU-equivalence class iff H ′ = S†HS for some
S ∈ SΨs . With this, one can easily see that condition
(i) in Theorem 1 is fulfilled either in every LU-equivalent
representation or in none. Thus, the generic sets of vec-
tors that do not fulfill condition (i) cannot do so in an-
other LU-equivalent representation.
Note again that all results in this paper obviously
also apply to SLOCC classes whose stabilizer is trivial.
Among states in these classes LOCC transformations are
not possible at all. However, Corollary 2 shows that al-
most no n-qubit state is reachable via LOCCIN indepen-
dently of whether their stabilizer is trivial or not [34].
Moreover, this result applies also to all SLOCC families
(generic or not) of multipartite states of arbitrary dimen-
sion with a non-trivial finite stabilizer, which are clearly
the only a priori relevant classes with a finite stabilizer in
this context. Using the same arguments as in the proof
of Corollary 2, it is straightforward to see that the set of
states which are reachable in a given non-trivial SLOCC
class is of measure zero there. In particular, whenever
our considered SLOCC classes are generic (e.g. 3-qutrit
states) we have that almost no state of the given number
of parties and local dimensions is reachable in the full set
of states.
It might be illuminating to compare the result of Corol-
lary 2 to the generic 3-qubit case (GHZ SLOCC class),
where almost every state is reachable by an LOCCIN
protocol [15, 17]. Actually, in this case it can be seen
that it is sufficient to consider the protocols used in the
proof of Theorem 1 by just considering a finite subset
of unitary symmetries S˜GHZ of the full non-finite (and
not even compact) [35] stabilizer SGHZ . However, states
are generically reachable in this case because one can al-
ways find a non-unitary symmetry S ∈ SGHZ such that
almost every LU-equivalence class can be put in a form
such that S†HS fulfills the commutation relations of the
conditions of Theorem 1 with some unitary symmetry in
S˜GHZ .
It is also interesting to compare the power of LOCCIN
as given by Theorem 1 with that of SEP. Without using
the fact that LOCCIN ⊂ SEP, it should be clear that
the conditions of Theorem 1 are sufficient for SEP con-
vertibility since in this case the states g |Ψs〉 and h |Ψs〉
with
G = H1⊗ · · ·⊗
(
pHj + (1− p)(S(j))†HjS(j)
)
⊗ · · ·⊗Hn
(11)
for some p ∈ (0, 1) clearly satisfy the condition of Eq. (8).
However, one might question whether these conditions
are also sufficient for SEP. It turns out that for a large
number of SLOCC classes this is indeed the case [17, 19],
and we then have in these cases that the set of reachable
states is the same under LOCCIN , LOCC and SEP. How-
ever, this is not always the case for every SLOCC class
and this is what has allowed to prove in [20] that there
exist SEP transformations among pure states which are
not achievable by LOCC (even if infinitely many rounds
of communication are considered) in the case of 3-qutrit
states. Here, we use Theorem 1 to provide a different ex-
ample of a state conversion that is possible by SEP but
not by LOCCIN (it remains unclear whether it is possible
by LOCC or not). For this example we use the 4-qubit
L-state SLOCC class. This family will be considered in
different sections throughout this paper and, therefore,
we summarize its properties in the following subsection
besides providing the aforementioned result.
1. The L-state SLOCC class and an example of SEP
transformations which are not implementable with LOCCIN
The L state is a 4-qubit state given by
|L〉 = 1√
3
(|φ−〉|φ−〉+ eiπ/3|φ+〉|φ+〉+ ei2π/3|ψ+〉|ψ+〉),
(12)
where we use the standard 2-qubit Bell basis
∣∣φ±〉 = 1√
2
(|00〉 ± |11〉), ∣∣ψ±〉 = 1√
2
(|01〉 ± |10〉). (13)
This state was considered in [27], where it was noticed
that it has interesting properties: it maximizes among 4-
qubit states the average entanglement across bipartitions
for several general bipartite entanglement measures. Re-
markably, the L state and its corresponding SLOCC class
also show a very interesting behaviour under multipartite
entanglement manipulation. Its local stabilizer is simple
but at the same time rich enough so that this class seems
to be the perfect candidate to seek for out-of-the-ordinary
7features that break the general rule [19]. As mentioned
above, we use this class here to provide examples of SEP
transformations that cannot be implemented by LOCCIN
but we consider it again in Secs. IVC and VII to show
other peculiarities of multipartite LOCC manipulation.
The stabilizer of the L state is given by 12 elements
[19],
SL = {{1l, U, U2} × {σi}3i=0}⊗4, (14)
where U = exp(iπ4σ2) exp(i
π
4σ1). It might be more illu-
minating to consider the SU(2) conjugation UGiU
† as an
SO(3) rotation OUgi in the Bloch picture, where it turns
out that
OU =

 0 1 00 0 1
1 0 0

 . (15)
That is, conjugation by U amounts to a cyclic permuta-
tion of the entries of the Bloch vector, or, in other words,
it corresponds to a rotation of 2π/3 around the axis given
by (1, 1, 1). Similar considerations apply to U2 = −U †.
Here and in Sec. V we use the twirling operation.
Given a finite unitary group S = {Sk} it is defined by
TS(H) =
1
|S|
∑
k
SkHS
†
k. (16)
It is straightforward to verify that TS(H) = H iff
[H,Sk] = 0 ∀k and its kernel is given by the orthogo-
nal complement of the commutant of S. Inspired by the
construction of [20], it is a simple exercise to see that
TSL (H1 ⊗H2 ⊗ 1l⊗ 1l) ∝ 1l⊗4 (17)
whenever h1·h2 = 0. By virtue of Eq. (8), this shows that
|L〉 can be transformed by SEP into any state h1 ⊗ h2 ⊗
1l⊗ 1l|L〉 whose Bloch vectors fulfill the above condition.
However, if we choose h1 and h2 so that they do not point
in the X, Y or Z direction nor have all their entries equal
up to sign, which is certainly possible, we have then that
[Hj , σi], [Hj , U ], [Hj , Uσi] 6= 0, j = 1, 2, i = 1, 2, 3.
(18)
That is, [Hj , S
(j)
k ] 6= 0 for j = 1, 2 and ∀S ∈ SL (except
S = 1l⊗4). Therefore, the conditions of Theorem 1 are
not met and all such states are not reachable by LOCCIN
from any other state in the L-state class despite being so
by SEP from |L〉 [36].
B. Convertible states
In the companion paper [23] we have also discussed
which states could then be converted to the character-
ized set of reachable states. Interestingly, in the proof
of sufficiency for Theorem 1 we have shown in [23] that
every reachable state can be obtained from some other
state by a very simple protocol: LOCCj . This is the set
of LOCC protocols which consist of only one round of
classical communication and in which only party j acts
non-unitarily (i.e. in Eq. (3) m = 1 and s = j). LOCCj
maps are then the building blocks of all-det-LOCCIN pro-
tocols, that we have referred to in the introduction. The
latter can be defined as those LOCCIN protocols that
can be obtained as a concatenation of a finite number
of LOCCj maps in which in every step the non-unitary
party j can be different. We stress here again that all
LOCC transformations among pure states determined so
far belong to this class of protocols. It is thus a very
natural question to ask which states are convertible via
LOCCj for some party j as, together with Theorem 1,
this then characterizes all states which can occur in all-
det-LOCCIN transformations. This is the subject of the
following lemma that we have outlined in [23] and whose
full proof we present for the sake of readability in Ap-
pendix A. Without loss of generality we consider LOCC1.
Lemma 3. A state |Ψ〉 ∝ g |Ψs〉 is convertible via
LOCC1 iff there exist m symmetries Sk ∈ SΨs , with
m > 1 and H ∈ B(H1), H > 0 and pk > 0 with∑m
k=1 pk = 1 such that the following conditions hold
(i) [Gi, S
(i)
k ] = 0 ∀i > 1 and ∀k ∈ {1, . . . ,m}
(ii) G1 =
∑m
k=1 pk(S
(1)
k )
†HS
(1)
k and H 6= S(1)G1S(1)
†
for any S ∈ SΨs fulfilling (i).
Note that the second condition in (ii) ensures that
trivial transformations are excluded. A state g |Ψs〉 ful-
filling the premises of Lemma 3 can be transformed by
LOCC1 into h1 ⊗ g2 ⊗ . . . ⊗ gn |Ψ〉 by party 1 per-
forming the POVM with measurement operators {Ak =√
pkh1S
(1)
k g
−1
1 }mk=1 (which satisfies
∑
k A
†
kAk = 1l due
to condition (ii)). After this measurement, the parties
hold the states h1S
(1)
k ⊗ g2 ⊗ · · · ⊗ gn|Ψs〉 depending on
the outcome k. Upon reception of the measurement out-
come through the classical channel, each party i 6= 1
applies the unitary U
(i)
k defined by U
(i)
k gi = giS
(i)
k , which
has to exist due to condition (i). Since Sk|Ψs〉 = |Ψs〉,
we obtain then the desired state in any branch of the
protocol. Iterating LOCCj steps we obtain all possi-
ble all-det-LOCCIN protocols. However, this process is
very restricted. If party 1 has used the above POVM,
then all parties different from 1 have to fulfill condition
(i) in Lemma 3 for the corresponding symmetries. If an
LOCC2 protocol was to be implemented subsequently,
new symmetries must be found that commute as well
with the operators Gi for i > 2 (and also with H1). This
is a very strong constraint. Notice, for example, that in
the case of qubits the only positive operator that com-
mutes with two different non-commuting unitaries is the
identity. Being the set of reachable states very restricted
as well, it emerges as a reasonable conjecture that natu-
rally extends the bipartite case whether all-det-LOCCIN
protocols are sufficient for all possible LOCC transfor-
mations in the SLOCC classes we consider. Theorem 1
8and Lemma 3 allow to characterize all states taking part
in these transformations and this would make the inves-
tigation of LOCCIN protocols fully feasible. In fact, in
Sec. V we use Lemma 3 to determine those states which
are not reachable by LOCCIN but convertible by all-det-
LOCCIN protocols. We discuss therein the connection
of this clearly relevant class of states with the MES of
states (see below for the definition) and show moreover
that entanglement measures can be estimated. In Sec.
VI we construct an SLOCC class for an arbitrary num-
ber of parties with non-trivial finite stabilizer where we
show that all LOCC transformations are indeed achiev-
able by all-deterministic transformations. However, as
we have shown with a particular example in [23], it turns
out that this is in general not true. In Sec. VII we dis-
cuss in more detail constructions of transformations that
can be implemented by LOCCIN but which require an
intermediate probabilistic step. Before all that, we con-
clude this section by discussing an interesting effect that
we outlined in [23].
C. Unlocking and locking the power of other
parties
As we have discussed above, in an all-det-LOCCIN pro-
tocol the implementation of an LOCCj step puts strong
constraints on the subsequent LOCCi steps that might
be carried out by some party i. It can actually hap-
pen that a state that is convertible by LOCCj by any
party is no longer convertible by any other party once
one party acts. We call this effect locking the power of
other parties. It occurs for instance in any SLOCC class
with a stabilizer such that S(j) 6= 1l ∀j whenever S 6= 1l.
A simple example is given by considering a state |Ψs〉
with SΨs = {σ⊗ni }3i=0. This state is clearly convertible
by LOCCj for any party j (see Lemma 3). However, if
party 1, acts first so that we obtain the state h1⊗ 1l |Ψs〉
such that [H1, S
(1)] 6= 0 for every non-trivial S ∈ SΨs ,
then the state is no longer convertible by LOCCj for
j 6= 1 [see Fig. 1 (a)].
Perhaps more interestingly, the opposite effect, namely
that one party can enable another party to implement
a deterministic transformation, can take place as well.
We termed this effect unlocking the power of the oth-
ers. In this case, we consider two different parties j and
k. Then, we could have a starting state which is not
LOCCk-convertible, but for which party j might execute
an LOCCj transformation in such a way that the output
state is now LOCCk-convertible. We have observed that
this effect exists in the L-state family (cf. Sec. IVA1).
In particular, an example is given by considering a state
g1 ⊗ 1l⊗3 |L〉, where g1 = ((2p − 1)x, (2p − 1)x, x). The
parameters x and p are chosen such that the following
two conditions are fulfilled: (i) [G1, S
(1)] 6= 0, ∀S ∈ SL
(S 6= 1l⊗4) and (ii) H1 = 1l/2 + x
∑3
j=1 σj is a positive
operator. Due to Lemma 3 condition (i) implies that the
state g1 ⊗ 1l⊗3 |L〉 cannot be converted by any LOCCk
LOCCN
1 2 3 ... 1 2 3 ...
LOCCN LOCCN
1 2 3 ... 1 2 3 ... 1 2 3 ...
(a)
LOCCN
1 2 3 ... 1 2 3 ...
LOCCN LOCCN
1 2 3 ... 1 2 3 ... 1 2 3 ...
(b)
FIG. 1: (a) Locking the power of others: After party 1
measured, party 2 cannot apply any nontrivial deterministic
transformation even though party 2 could have performed one
before. (b) Unlocking the power of others: Only after party
1 has measured can party 2 apply a nontrivial deterministic
transformation.
with k > 1. Condition (ii) ensures that G1 is positive
and that the operators
√
ph1g
−1
1 ,
√
1− ph1σ3g−11 where
h1 =
√
H1 form a valid measurement. If party 1 im-
plements this measurement and all other parties apply
for the first (second) measurement outcome the identity
(σ3), respectively, the state g1 ⊗ 1l⊗3 |L〉 is transformed
deterministically into the state h1 ⊗ 1l⊗3 |L〉. Note that
H1 (and h1) commute now with U . Hence, once this
LOCC1 protocol is applied, any of the other parties can
apply a LOCC using the symmetry U [see Fig. 1 (b)].
A similar effect is presented in [28] in order to show that
entanglement of assistance is not an entanglement mea-
sure.
In contrast to locking the power of others the effect
that an LOCCj protocol can transform a state which is
not LOCCk-convertible into a LOCCk-convertible one
can only occur if the stabilizer of the considered SLOCC
class has a particular structure. The following lemma
identifies classes where it is certainly not possible to un-
lock any power. For example, generic 4-qubit states and
generic 3-qutrit states fall into this category.
Lemma 4. If |Ψs〉 is such that SiSj ∝ SjSi ∀Si, Sj ∈
SΨ, then unlocking the power of others is impossible.
Proof. For this to be true, it suffices to prove that there
does not exist a positive operator H such that [H,S] = 0
and [
∑
i piS
†
iHSi, S] 6= 0, for any probability distribution
pi. Using that SiS = e
iφSSi [37] it is straightforward to
see that [H,S] = 0 implies that [
∑
i piS
†
iHSi, S] = 0
for any pi. Hence, any symmetry which can be used by
the other parties after this transformation can already be
used before this transformation.
9V. MAXIMALLY ENTANGLED SET UNDER
LOCCIN AND ESTIMATION OF
ENTANGLEMENT MEASURES
An interesting consequence of the characterization of
LOCC transformations among bipartite pure states [13]
is that it firmly establishes the state in ICd ⊗ ICd
|φ+d 〉 =
1√
d
d∑
i=1
|ii〉 (19)
as the maximally entangled state. This is because no
state in ICd ⊗ ICd can be transformed to it while it can
be transformed to any other state in ICd ⊗ ICd. Thus,
from the point of view of entanglement theory, it is not
surprising that the state |φ+d 〉 is the most useful in all
bipartite applications such as teleportation. It is then
natural to look for states with similar properties in the
multipartite regime. However, in general there exists no
state with the above stated property when one considers
ICd1 ⊗ . . .⊗ ICdn with n > 2. Therefore, in [17] some of us
have introduced the notion of the maximally entangled
set (MES) in ICd1 ⊗ . . .⊗ ICdn . This is the minimal set of
states that allows to reach by LOCC any other truly n-
partite entangled pure state in that Hilbert space (or in
a restricted SLOCC class). Thus, all states in the MES
are not reachable by LOCC (from states of the same di-
mensionality and number of parties) and any reachable
state can be obtained by at least one state in the MES.
Stated differently (but perhaps less intuitively) the MES
is the set of truly n-partite entangled pure states that
are not reachable by any other state. Investigations on
4-qubit and 3-qutrit states showed that in these cases the
MES is, in contrast to the 3-qubit case, of full-measure
[17, 19, 20]. This is because almost all states are isolated,
i.e. the states are indeed not reachable but they are also
not convertible by LOCC. Isolated states are then useless
in this context and the most interesting states correspond
to convertible states in the MES. Note that, our investi-
gations on LOCCIN do not allow us to identify the MES
because non-reachable states in this scenario might be
reachable by infinite-round LOCC. Nevertheless, the full
MES must be a subset (not necessarily strict) of the MES
under LOCCIN . Notice that this latter set is precisely
characterized as those states that do not fulfill the condi-
tions of Theorem 1. As explained above, we would like to
identify convertible rather than isolated states. It would
therefore be interesting to see which of the aforemen-
tioned states have this property. Using Lemma 3 one can
easily characterize the states in the MES under LOCCIN
which are convertible under all-det-LOCCIN protocols.
Theorem 5. A state g |Ψs〉 is in the MES under the
restriction to LOCCIN and is convertible via all-det-
LOCCIN protocols iff
(i) ∃S ∈ SΨs such that [G,S] = 0 (S 6= 1l) and
(ii) ∀S ∈ SΨs such that [Gi, S(i)] = 0 ∀i 6= j it holds
that [Gj , S
(j)] = 0.
Proof. Let us first show that these conditions are nec-
essary. Since the states must be convertible by all-det-
LOCCIN (and hence by LOCCj for some party j) but
not reachable, they must fulfill the conditions of Lemma
3 and violate at least one of the conditions of Theorem 1.
However, satisfying non-trivially condition (i) in Lemma
3 implies that condition (i) in Theorem 1 also holds for a
symmetry which is not the identity. Therefore, the states
must violate condition (ii) in Theorem 1. The conditions
given in this theorem express this fact. It thus remains to
see that the conditions are sufficient, i.e. whenever they
hold, condition (ii) in Lemma 3 is satisfied non-trivially.
For that, consider the symmetry S of condition (i) here,
which must be different from the identity at least for one
party. Take without loss of generality that S(1) 6= 1l and
consider the twirling operation T under the group gen-
erated by 1l and S(1) (cf. Eq. (16)). We then have that
T (G1) = G1. Define now H = G1 + X − T (X) for a
Hermitian operator X such that [X,S(1)] 6= 0 (so that
[H,S(1)] 6= 0). With this T (H) = G1, which allows to
fulfill condition (ii) in Lemma 3 non-trivially. It only
remains to see that some X can be chosen so that H
is a positive operator. However, this is clear from the
fact that the set of positive operators is open. We can
certainly choose X such that 0 < ||X − T (X)|| < ǫ.
This implies that ||G1 −H || < ǫ and by choosing ǫ small
enough the positiveness of G1 guarantees that of H .
It is interesting to observe that the sufficiency part
of the above proof works no matter which party j is
to perform the measurement within the LOCCj step as
long as the symmetry of condition (i) obeys S(j) 6= 1l.
Thus, although it is in principle necessary for the states
in the MES under LOCCIN that are convertible by all-
det-LOCCIN to be convertible by LOCCj for just one
party j, it turns out that they are convertible by LOCCj
for any party j as long as there exists a symmetry ful-
filling (i) such that S(j) 6= 1l. In fact, if S(j) 6= 1l ∀j and
∀S ∈ SΨ (S 6= 1l), any symmetry which can be used by
one party can be used by any other to perform a non-
trivial transformation.
The investigation of LOCC protocols also plays a cru-
cial role for the quantification of entanglement. Entan-
glement measures must be quantities that do not increase
under LOCC transformations. Functionals that obey this
rule can be constructed on pure mathematical grounds.
However, they are often very hard to compute and/or to
be provided with a clear operational meaning. In order
to close this gap, in [18, 29] we introduced entanglement
measures with a very clear operational meaning in terms
of usefulness under LOCC manipulation and that can
be computed whenever the possible LOCC transforma-
tions are characterized: the source and accessible entan-
glement. Given any pure state |Ψ〉 [38], we define its
accessible set, Ma(|Ψ〉), as the set of states which are
reachable by LOCC from |Ψ〉. Analogously, we define its
source set, Ms(|Ψ〉) as the set of states which can reach
|Ψ〉 by LOCC. By considering some convenient measure
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µ in the set of LU-equivalence classes, we can then ob-
tain the source volume Vs(|Ψ〉) = µ[Ms(|Ψ〉)] and the
accessible volume Va(|Ψ〉) = µ[Ma(|Ψ〉)] of a given state.
The intuition behind these quantities is that the larger
the accessible volume of a state is, the relatively more
useful the state is and viceversa for the source volume.
With this, the accessible entanglement and the source
entanglement are defined by
Ea(|Ψ〉) = Va(|Ψ〉)
V supa
, Es(|Ψ〉) = 1− Vs(|Ψ〉)
V sups
, (20)
where V supa (V
sup
s ) denote the supremum of the accessi-
ble (source) volume according to the measure µ so that
the measures are normalized between 0 and 1 [39]. Notice
that, by construction, these quantities are entanglement
measures, i.e. they do not increase under LOCC trans-
formations. Note that these ideas can be used to define
not only two entanglement measures, but two classes of
entanglement measures [18, 29]. To this end one does
not only consider transformations among states within
the same Hilbert space, but for instance measures the
amount of n+ 1–qubit states which can be transformed
via LOCC into the n–qubit state of interest. Due to
their operational meaning, all these measures are easily
shown to be entanglement measures. Moreover, even if
we consider in the following only the measures as de-
scribed above, these results can also be applied to any
other measure in these classes.
Since these quantities measure the relative usefulness
of states, its computation can be restricted to a given
SLOCC class (i.e. one can consider a measure µ sup-
ported only on a particular SLOCC class) [18, 29]. Nev-
ertheless, its computation obviously relies on charac-
terizing all possible LOCC transformations under the
class of states of interest. Here, we have considered the
particular class of LOCC protocols that can be imple-
mented with finitely many rounds of classical communi-
cation LOCCIN . On the analogy to the above concept
we can introduce the accessible and source set, volume
and entanglement under LOCCIN for a given state |Ψ〉:
M
LOCCIN
a,s (|Ψ〉), V
LOCCIN
a,s (|Ψ〉) and E
LOCCIN
a,s (|Ψ〉). Ob-
viously then, E
LOCCIN
a (|Ψ〉) and E
LOCCIN
s (|Ψ〉) do not
increase under LOCCIN protocols and quantify the use-
fulness of states for protocols in this setting. However, it
should be stressed that these quantities are not necessar-
ily entanglement measures. This is because they might
increase under LOCC if it turns out that there exist
LOCC transformations among pure states which are not
implementable with finitely many rounds of communica-
tion. To see this, take any LOCCIN non-related states
|Ψ〉 and |Φ〉 such that ELOCCINa (|Ψ〉) < E
LOCCIN
a (|Φ〉)
and suppose that |Ψ〉 could be converted to |Φ〉 by an
infinite-round LOCC protocol. A similar argument ap-
plies to E
LOCCIN
s . However, interestingly, these quan-
tities can be used to bound the source and accessible
volumes. Moreover, one can define analogous functionals
under the constraint to all-det-LOCCIN protocols. The
inclusion all-det-LOCCIN ⊂ LOCCIN ⊂ LOCC immedi-
ately yields
Va(|Ψ〉) ≥ V
LOCCIN
a (|Ψ〉) ≥ V all−deta (|Ψ〉),
Vs(|Ψ〉) ≥ V
LOCCIN
s (|Ψ〉) ≥ V all−dets (|Ψ〉). (21)
Thus, using the insights of Lemma 3 one can place non-
trivial estimates for the source and accessible volumes
via all-det-LOCCIN protocols. In particular, given any
state g|Ψs〉 fulfilling the premises of Lemma 3 we see that
any other state h1 ⊗ g2 ⊗ . . .⊗ gn |Ψ〉 can be reached by
LOCC1 whenever there exists a probability distribution
{pk} such that
G1 =
∑
k
pk(S
(1)
k )
†H1S
(1)
k (22)
for all those symmetries {Sk} such that [Gi, S(i)k ] = 0
∀i > 1. Once the symmetries and states are speci-
fied it is then not difficult to determine all such states
h1 ⊗ g2 ⊗ . . . ⊗ gn |Ψ〉. The process is then iterated to
consider LOCCj protocols by other parties (if possible).
If we start from a MES state as characterized in Theorem
5, one obtains all possible all-det-LOCCIN protocols and
can then determine V all−deta and V
all−det
s for any state
obtainable via these operations, i.e. any state convertible
and/or reachable via all-det-LOCCIN in the correspond-
ing SLOCC class.
Note that in case V supa or V
sup
s are known, one can eas-
ily bound the corresponding (normalized) entanglement
measures Ea (lower bound) and Es (upper bound). In
particular, V sups is always given by the whole volume, as
it is the source volume of a product state to which any
state can be transformed to. In case these quantities are
unknown, one can nevertheless compare states with each
other using the unnormalized quantities Va and Vs.
VI. EXAMPLES OF SLOCC CLASSES WHERE
ALL-DET-LOCCIN PROTOCOLS ARE
SUFFICIENT
In this section we show that for any SLOCC class of
n-qubit states, whose representative has the stabilizer
{σ⊗ni }3i=0 it holds that LOCCIN coincides with all-det-
LOCCIN . In fact, it can be easily shown that for the here
considered SLOCC classes we have
SEP = LOCC = LOCCIN = all− det− LOCCIN (23)
for pure state transformations.
Given the fact that the LOCC transformations can be
easily characterized in this case, this implies first that the
entanglement measures introduced in [29] and discussed
in the previous section can be easily computed. More-
over, it becomes easier to introduce new entanglement
measures for pure states for these SLOCC classes, as any
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function which is non-increasing under all-det-LOCCIN is
a valid entanglement measure (for these SLOCC classes).
That is, it is only necessary to show that the function is
non-increasing under LOCCj for any party j. In partic-
ular, the classical communication among the parties does
not need to be taken into account, which simplifies the
investigation enormously [40]. It should be noted here
that there exists no bipartite or three qubit state with
only these symmetries. However, we are going to con-
struct here explicit examples of 2m-qubit states (m ≥ 2)
whose stabilizer we prove to be {σ⊗2mi }3i=0.
Let us now show that for any SLOCC class, whose
representative, |Ψs〉, has the stabilizer {σ⊗ni }3i=0 it holds
that SEP = all − det − LOCCIN . In order to do so, we
use the characterization of all separable transformations
among states in the 4-qubit generic SLOCC classes
[17, 18] (whose stabilizer is {σ⊗4i }3i=0). It has been
shown in [17] that the only states which are reachable
via SEP are (up to permutations of the particles) of the
form (i) h1 ⊗ h2w ⊗ h3w ⊗ h4w |Ψ〉, with w ∈ {x, y, z} and
h1 6= h1w or (ii) h1⊗ 1l⊗3 |Ψ〉 with h1 6∝ 1l arbitrary. Here,
hw ∝ 1l + ασw with α ∈ IR. Notice that this coincides
with the set of reachable states by all-det-LOCCIN (and
LOCCIN ) as given by Theorem 1 here using that in this
case SΨs = {σ⊗4i }3i=0. This result has been derived by
considering Eq. (8) and noticing that this equation can
only hold if all but one operator Hi commute with at
least one symmetry. Moreover, in [18] we characterized
all possible separable transformations among states in
a generic SLOCC class of four qubits. Furthermore,
we showed there that all these transformations can
be realized via a all-det-LOCCIN protocol by explic-
itly presenting the protocol. The characterization of
the possible separable transformations as well as the
corresponding all-det-LOCCIN transformations can be
straightforwardly generalized to an arbitrary number of
qubits. The reason is that if Eq. (8) has to hold now for
n > 4 qubits, by tracing out here any n − 4 parties we
recover the same condition as in the case n = 4 for any
group of four parties. Thus, the convertible and reach-
able states are such that at least three local operators
must commute with the same σi for any group of four
parties. Hence, all theses results generalize to the cases
where more than four qubits are considered. As a result
we have that for the here considered SLOCC classes
any separable pure state transformations can be realized
with an all-det-LOCCIN transformation and therefore,
in particular any LOCC and LOCCIN transformation
can be realized with such a simple protocol.
Let us now present a class of 2m-qubit states, withm ≥
2, whose stabilizer we show to be {σ⊗2mi }3i=0 in Appendix
B. In order to do so we use the following notation. We
call a four-qubit seed state of the form
|ψ2(~α)〉 =
3∑
i=0
αiσ
(2)
i σ
(4)
i
∣∣φ+〉
12
∣∣φ+〉
34
, (24)
generic, if the normalized complex vector ~α =
(α0, α1, α2, α3) ∈ IC4 is such that the stabilizer of the
state is Sψ2(~α) = {σ⊗4i }. As shown in [19] this is the case
if α2i 6= α2j for i 6= j and if there exists no q ∈ C \ {1}
that yields {α2i }3i=0 = {qα2i }3i=0. We label the qubits of
a n-qubit state by indices 0, . . . , n− 1 and denote by Ui,j
the operator that permutes subsystems i and j. Using
this notation we state the following lemma.
Lemma 6. For almost all normalized ~α ∈ IC4 the stabi-
lizer of the recursively defined 2m-qubit state
|ψm(~α)〉 ∝ 1
2
(1l+ U0,2m−1) |ψm−1(~α)〉⊗2 , m > 2,
is Sψm(~α) = {σ⊗2
m
i }3i=0.
We suspend the proof of this lemma to the appendix
for the sake of readability [41]. It is however worth-
while to look at how |ψm(~α)〉 can be created from
states of fewer qubits (see also Fig. 2) [42]. The proof
of Lemma 6 fundamentally depends on this construction.
If we want to construct the state |ψm(~α)〉 we can
start by entangling two copies of |ψ2(~α)〉 via the oper-
ator 1/2(1l + U0,4), which projects onto the symmetric
subspace of particles zero and four, to obtain |ψ3(~α)〉 ∝
1/2(1l+ U0,4) |ψ2(~α)〉⊗2. Then, two copies of the result-
ing state are entangled via 1/2(1l + U0,8) to obtain the
16-qubit state
|ψ4(~α)〉 ∝ 1/2(1l+ U0,8) |ψ3(~α)〉⊗2 (25)
∝ 1/8(1l+ U0,8)(1l + U8,12)(1l + U0,4) |ψ2(~α)〉⊗4 . (26)
That is, the 16-qubit state can also be created by entan-
gling four copies of |ψ2(~α)〉 with operators 1/2(1l+ Ui,j)
given in Eq. (26). Continuing with this procedure we
eventually obtain the desired 2m-qubit state and see that
it can also be expressed as
|ψm(~α)〉 ∝ K(m, 2) |ψ2(~α)〉⊗2
m−2
.
Here, K(m, 2) denotes the operator that includes all en-
tangling operators of the form 1/2(1l + Ui,j) that are
needed to generate |ψm(~α)〉 from 2m−2 copies of |ψ2(~α)〉
(see Fig. 2), e.g. K(4, 2) = 1/8(1l+ U0,8)(1l + U8,12)(1l +
U0,4). Analogously, we could have started with 2
m−k
copies of the state |ψk(~α)〉, with 2 ≤ k < m, as elemen-
tary building blocks and entangled them to obtain the
desired state. That is, we can express the final state as
|ψm(~α)〉 ∝ K(m, k) |ψk(~α)〉⊗2
m−k
, (27)
e.g. K(4, 3) = 1/2(1l + U0,8). This is also illus-
trated in Fig. 2. It is easy to see that K(m, k)
acts nontrivially only on qubits with index 2k · l,
for l ∈ {0, . . . , 2m−k − 1} and that K(m,m) = 1l
and K(m,m − 1) = 1/2(1l + U0,2m−1) hold. Due to
the definition it is moreover clear that the recursion
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FIG. 2: This figure depicts the structure of the operators
K(m, k) used to create the 32-qubit state |ψ5(~α)〉 from eight
copies of the four-qubit state |ψ2(~α)〉. Each operator of the
form 1/2(1l+Ui,j) is represented by a bow connecting qubits
i and j. With the help of this figure, it is easy to see that
the operator K(4, 2) = 1/8(1l + U0,8)(1l + U8,12)(1l + U0,4) is
the product of all operators 1/2(1l + Ui,j) that appear inside
the region with dotted boundary. Note that the nesting of
the bows corresponds to the order in which the operators
associated to these bows have to be applied to the copies of
|ψ2(~α)〉, e.g. the operators corresponding to the innermost
bows have to be applied first. An analogous statement holds
for the operator K(5, 2), which is the product of all operators
1/2(1l+Ui,j) that appear in the region with dashed boundary.
One easily sees that in each copy of |ψ2(~α)〉 the first qubit
is singled out as it is the only one on which a non-trivial
operation acts.
K(m, k) = 1/2(1l+U0,2m−1)(K(m− 1, k)⊗K(m− 1, k))
holds. One may verify that K(m, k) is the product of
2m−k − 1 projectors onto the symmetric subspace of two
qubits (see also Fig. 2).
As shown before, all LOCCIN transformations in the
SLOCC class of a quantum state |ψm(~α)〉 as described in
Lemma 6 can be accomplished via deterministic steps.
In combination with our characterization of all-det-
LOCCIN reachable and convertible states we moreover
obtain a characterization of all LOCCIN transformations
in these classes. In the next section we show, in con-
trast to these SLOCC classes, that there exist SLOCC
classes for which certain LOCCIN transformations re-
quire a probabilistic step.
VII. ALL-DET-LOCCIN PROTOCOLS ARE NOT
SUFFICIENT FOR LOCCIN PURE-STATE
TRANSFORMATIONS
Leaving aside the bipartite and the three-qubit case,
all previous investigations on the subject and the re-
sults obtained here indicate that the possibility to trans-
form a pure state by deterministic LOCC into an LU-
inequivalent one is very rare. The conditions required on
the states for such a protocol to be possible are so strin-
gent that they are almost never met. However, when
this is indeed the case it turns out in all cases stud-
ied so far that all these constraints only leave room to
relatively simple LOCC protocols. To our knowledge,
all instances known so far of LOCC transformations in
the multipartite case (including the bipartite setting) can
always be realized by all-det-LOCCIN protocols. This
might had lead to conjecture that this is always the
case. However, we have considered a particular example
in [23] that shows that this is not the case. There ex-
ist LOCCIN transformations among pure states that re-
quire more elaborate LOCC protocols which include non-
deterministic intermediate steps. On the one hand, this
shows that the rich structure of LOCC maps can be ex-
ploited to devise more sophisticated protocols that allow
for otherwise impossible transformations. On the other
hand, this leaves little hope to have a general characteri-
zation of LOCCIN convertible states. Although in many
SLOCC classes all-det-LOCCIN transformations are the
only possible protocols for pure-state transformation and
convertible states are therefore characterized by Lemma
3, there exist other families in which this is not the case.
In this section we discuss a general construction that
allows to obtain such examples and that we used to
provide the particular instance presented in [23]. Not
surprisingly, the SLOCC class used to find this non-
conventional behaviour is again the L-state family, which
we have considered in Sec. IVA1. We focus on states
of the form g1 ⊗ g2 ⊗ 1l ⊗ 1l|L〉 and hence denote them
by {g1, g2}, {G1, G2} or {g1,g2}. In order to obtain the
desired examples, we provide a protocol that implements
the transformation {g1,g2} → {h1,h2} by choosing an
initial state such that
[Gi, S
(i)
k ] 6= 0, ∀Sk ∈ SL (Sk 6= 1l) and i = 1, 2. (28)
Thus, Lemma 3 guarantees that the initial state cannot
be converted by an LOCCj protocol ∀j. Hence, {g1,g2}
is not convertible to any other state by all-det-LOCCIN
and any deterministic transformation starting from this
state necessarily requires intermediate non-deterministic
steps. The protocol has two steps. First, party 1 imple-
ments a two-outcome POVM that leads to the interme-
diate states {h1, g2} and {h1σ3, g2}. The lack of sym-
metry of G2 guarantees that the two outputs are LU-
inequivalent. The idea now is that both H1 and σ3H1σ3
fulfill the premises of Lemma 3 so that an unlocking ef-
fect takes place and each intermediate state can now be
transformed by LOCC2 into the same state {h1, h2}. For
this to be possible we choose
[H1, U ] = [H1, U
2] = 0. (29)
This means that all entries of h1 are equal, i.e. h1 =
(x, x, x), for some x ∈ IR. In order to achieve the de-
sired action, the initial POVM is taken with elements
M1 =
√
ph1g
−1
1 and M2 =
√
1− ph1σ3g−11 . This is a
valid measurement only if M †1M1 + M
†
2M2 = 1l which
amounts to
g1 = x

 2p− 12p− 1
1

 . (30)
It should be clear then that both conditions (28) and (29)
can be met by choosing properly the parameters (g1 must
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have its first two components equal). It only remains
to find LOCC2 transformations to map both {h1, g2}
and {h1σ3, g2} ≃LU {h1, g2σ3} into the same final state
{h1, h2}. For this, party 2 in each case can use a POVM
with at most three elements:
M1,M2,M3 ∝ h2g−12 , h2Ug−12 , h2U †g−12 (31)
for the branch corresponding to {h1, g2} and
M˜1, M˜2, M˜3 ∝ h2σ3g−12 , h2Uσ3g−12 , h2U †σ3g−12 (32)
for the branch corresponding to {h1, g2σ3}. Here we have
used that U2 = −U † and that the used symmetry has
to commute with H1 now. Normalization requires then
probability distributions {qi} and {q˜i} such that
q1H2 + q2U
†H2U + q3UH2U
† = G2,
q˜1H2 + q˜2U
†H2U + q˜3UH2U
† = σ3G2σ3. (33)
If we denote g2 = (gx, gy, gz) and h2 = (hx, hy, hz), this
amounts to both (gx, gy, gz) and (−gx,−gy, gz) belonging
to the polytope generated by the convex hull of the points
(hx, hy, hz), (hz, hx, hy) and (hy, hz, hx). It is straight-
forward to verify that this polytope is contained in the
plane x + y + z = hx + hy + hz. Finally, if we choose
then hx + hy + hz = 0 and the origin is contained in
the polytope, it will then include points both of the form
(gx,−gx, 0) and (−gx, gx, 0) achieving the desired condi-
tion.
The particular instance of the above construction we
have used to give the example of [23] is the transforma-
tion


 xx
2x

 ,

 x−x
0



→



 2x2x
2x

 ,

 xx
−2x



 , (34)
where x 6= 0 is any real number small enough such that
all the above vectors lead to positive operators (i.e. their
norm is strictly smaller than 1/2). This transformation
can be implemented by LOCC following the protocol ex-
plained above by choosing p = 3/4, q = (1/3, 0, 2/3) and
q˜ = (1/3, 2/3, 0) (for any allowed value of x). However,
it should be clear from the above discussion that other
instances can be found.
VIII. CONCLUSIONS
Together with the companion paper [23], we have
considered transformations among pure n-partite states
which can be realized with LOCCIN . Considering a
large set of SLOCC classes we have provided a very sim-
ple characterization of all reachable states by LOCCIN
and have characterized as well the convertible states un-
der all-det-LOCCIN protocols. Due to our characteri-
zation of all-det-LOCCIN convertibility and that previ-
ously known LOCC transformations fall, up to our knowl-
edge, into this category which is a natural generalization
of bipartite transformations, we addressed the questions
whether all LOCCIN are realizable via a protocol which
is deterministic in each step. We show that this is not
the case by providing the general tools to construct ex-
amples of pairs of states, where the initial state can only
be transformed into the final state if a probabilistic step
is involved. Moreover, we identified SLOCC classes of ar-
bitrary many qubits for which any separable pure state
transformation can be realized by LOCC via an all-det-
LOCCIN protocol and provided explicit examples of 2
m-
qubit states belonging to these SLOCC classes.
Taking into account the results on LOCC transforma-
tions (including infinitely many rounds) the following pic-
ture emerges. Due to the strong constraints on possible
pure state transformations via LOCC the convertibility
properties of multipartite states can be characterized to
a large extent of generality. These constraints are al-
ready imposed by convertibility under the larger class
of separable operations [21], even though not all separa-
ble pure state transformations can be realized via LOCC
[20]. This highlights one of the differences between bi-
partite and multipartite entanglement manipulation. As
we show here, considering a physically meaningful sub-
set of LOCC, namely LOCCIN , reveals again a very
clear difference between the bipartite and multipartite
case. This is due to the fact that considering a reason-
able generalization of protocols realizing bipartite state
transformations, that allows to focus on relatively sim-
ple protocols (all-det-LOCCIN ), is not sufficient to cap-
ture all possible state transformations in the multipar-
tite case. Hence, while in the bipartite case we have that
all-det-LOCCIN = LOCCIN = LOCC = SEP , in the
multipartite case we have all-det-LOCCIN ( LOCCIN
and LOCC ( SEP . It remains open for future study
whether infinite-round LOCC can provide an advantage
over LOCCIN , i.e. whether LOCCIN = LOCC holds
for pure state transformations. Furthermore, the consid-
eration of the differences and similarities between maps
which can/cannot be implemented via all-det-LOCCIN
and the multicopy case would be very interesting. More-
over, the detailed investigation of the power of states
which play a dominant role in quantum information the-
ory and/or condensed matter physics, such as matrix
product states [30] and projected entangled pairs states
[31] would be very intriguing.
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Appendix A: Proof of Lemma 3
In this appendix we present the details of the proof of
Lemma 3, i.e. we show which states are convertible via
LOCC1. In order to improve readability we repeat the
lemma here.
Lemma 3. A state |Ψ〉 ∝ g |Ψs〉 is convertible via
LOCC1 iff there exist m symmetries Sk ∈ SΨs , with
m > 1 and H ∈ B(H1), H > 0 and pk > 0 with∑m
k=1 pk = 1 such that the following conditions hold
(i) [Gi, S
(i)
k ] = 0 ∀i > 1 and ∀k ∈ {1, . . . ,m}
(ii) G1 =
∑m
k=1 pk(S
(1)
k )
†HS
(1)
k and H 6= S(1)G1S(1)
†
for any S ∈ SΨs fulfilling (i).
Proof. Let us first show that the conditions are neces-
sary. Let {Ak} denote the measurement operators of the
POVM applied by party 1 [43]. Denoting by |Φ〉 ∝ h |Ψs〉
the output state, we have that
1√
pk
Akg1
⊗
i6=1
gi |Ψs〉 ≃LU nΨ
nΦ
h |Ψs〉 , (A1)
where nΨ (nΦ) denotes the norm of g |Ψs〉 (h |Ψs〉) and
pk = ||Akg |Ψs〉 ||2/||g |Ψs〉 ||2 (hence pk > 0 and
∑
k pk =
1). Then the outcome is deterministic iff
1√
p1
A1g1
⊗
i
gi |Ψs〉 = 1√
pk
U
(1)
k Akg1
⊗
i
U
(i)
k gi |Ψs〉 ,
(A2)
∀k > 1 and where Uk = U (1)k ⊗ . . . ⊗ U (n)k is unitary.
Using the fact that the only local operations which leave
|Ψs〉 invariant are the elements of SΨ and the fact that all
the local matrices occurring in the expression above must
be invertible [44], these conditions are equivalent to the
existence of local unitaries Uk and symmetries Sk ∈ SΨ
such that ∀k
(a) A1g1 = r
(1)
k U
(1)
k Akg1S
(1)
k
(b) gi = r
(i)
k U
(i)
k giS
(i)
k ∀i > 1.
Here,
∏n
i=1 r
(i)
k =
√
p1/pk for any k. Taking the deter-
minant on the right and left hand side of the equation in
(b) and taking into account that both U
(k)
i and S
(k)
i are
unitary leads to |r(i)k | = 1 for any k and i > 1. Hence,
Gi = (S
(i)
k )
†GiS
(i)
k or equivalently [Gi, S
(i)
k ] = 0 ∀i > 1
and ∀k. Using now the equation in (a) we obtain
g†1A
†
1A1g1 =
p1
pk
(S
(1)
k )
†g†1A
†
kAkg1S
(1)
k , (A3)
where we have used that |r(1)k |2 = p1/pk (given that we
found above that |r(i)k | = 1 for any k and i > 1). Defining
the positive and normalized operator
H =
g†1A
†
1A1g1
tr(g†1A
†
1A1g1)
(A4)
and using that
∑
k A
†
kAk = 1l, we finally obtain G1 =∑
k pkSkHS
†
k (where S1 = 1l). Using that the Hermitian
operators Gi commute with S
(i) iff they commute with
(S(i))† and redefining Sk by S
†
k leads to the conditions
(i) and (ii) in the statement of the lemma.
Let us now show the sufficiency of the conditions. In
order to see that states g |Ψs〉 fulfilling conditions (i)
and (ii) are convertible via LOCC1 consider the fol-
lowing protocol. Party 1 implements the measurement
{Ak = √pkhSkg−11 }mk=1 which is a valid POVM due to
condition (ii). Then the other parties apply depending
on the measurement outcome the LUs U
(i)
k which fulfill
U
(i)
k gi = giS
(i)
k . Note that due to condition (i) these
LUs have to exist. Applying this LOCC1 protocol to a
state g |Ψs〉 leads to a final state h ⊗ g2 ⊗ . . . ⊗ gn |Ψs〉
where H = h†h fulfills condition (ii) (involving only the
symmetries for which condition (i) holds). In fact it can
be easily seen [45] that these are the only possible fi-
nal states of a LOCC1 protocol. Note that the states
g |Ψs〉 and h⊗g2⊗ . . .⊗gn |Ψs〉 are LU-eqivalent iff there
exist a symmetry S ∈ SΨs fulfilling condition (i) and
H = S(1)G1(S
(1))†.
Appendix B: Proof of Lemma 6
This appendix is devoted to the proof of Lemma 6,
which will be done inductively. That is, we prove that for
generic normalized ~α ∈ IC4 the stabilizer of the recursively
defined 2m-qubit state
|ψm(~α)〉 ∝ 1
2
(1l+ U0,2m−1) |ψm−1(~α)〉⊗2 , m > 2,
is Sψm(~α) = {σ⊗2
m
i }3i=0 for almost every ~α, where the
qubits are labeled from 0 to 2m and Ui,j permutes parti-
cles i and j. We continue with the notation introduced
in the paragraph after Lemma 6 in the main text. There,
we commented in detail on the way the states |ψm(~α)〉
can be construced from many copies of states |ψk(~α)〉,
with k < m. Recall that
|ψm(~α)〉 ∝ K(m, k) |ψk(~α)〉⊗2
m−k
, (B1)
as we have seen in the main text (see Eq. (27)). First,
we state and prove two observations that we use in the
proof of Lemma 6.
Observation 7. If Sψk(~α) = {σ⊗2
k
i }3i=0 for any k ∈
{2, . . . ,m − 1}, any local symmetry of |ψm(~α)〉 has to
be of the form S =
⊗2m−2
l=0 (S
(4l) ⊗ S1 ⊗ S2 ⊗ S3).
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Proof. In the following we consider k ∈ {2, . . . ,m − 1}
and denote by Uk the operator that permutes particles i
and 2k+ i for any i ∈ {1, . . . , 2k− 1}. We first show that
Uk |ψm(~α)〉 = |ψm(~α)〉 . (B2)
That this is the case, can be seen by looking at the struc-
ture of |ψm(~α)〉 as illustrated in Fig. 2 and using that
the projector on the symmetric subspace, K(k + 1, k) =
1/2(1l+U0,2k) is invariant under the exchange of the par-
ticles with index 0 and 2k. More precisely, in order to
prove Eq. (B2) note first that [Uk,K(m, k)] = 0 as these
operators act on different subspaces. Moreover, Uk ap-
plied to 2m−k copies of |ψk(~α)〉 acts nontrivially only on
two copies of |ψk(~α)〉. As the operator U0,2kUk simply
permutes these two copies of |ψk(~α)〉 it holds that
U0,2kUk |ψk(~α)〉⊗2
m−k
= |ψk(~α)〉⊗2
m−k
, (B3)
which is equivalent to
Uk |ψk(~α)〉⊗2
m−k
= U0,2k |ψk(~α)〉⊗2
m−k
. (B4)
Finally, note that K(m, k) = K˜(m, k)1/2(1l+ U0,2k), for
an operator K˜(m, k). Hence, we have K(m, k)U0,2k =
K(m, k). Using all these relations it is straightforward
to see that,
Uk |ψm(~α)〉 ∝ UkK(m, k) |ψk(~α)〉⊗2
m−k
= K(m, k)Uk |ψk(~α)〉⊗2
m−k
= K(m, k) |ψk(~α)〉⊗2
m−k ∝ |ψm(~α)〉 , (B5)
which proves Eq. (B2). For a local symmetry S = S(1)⊗
. . . ⊗ S(2m) ∈ Sψm(~α) we therefore have that UkSU †k ∈
Sψm(~α). Moreover, as S
−1 ∈ Sψm(~α) we have
UkSU
†
kS
−1 = 1l2 ⊗ Yk ⊗ 1l2 ⊗ Y −1k ⊗ 1l2m−2k+1 ∈ Sψm(~α),
(B6)
where Yk = S
(2k+1)(S(1))−1⊗ . . .⊗ S(2k+1−1)(S(2k−1))−1
and where the index of the identity operators indicate
the dimension of the subspace on which they act on.
In the following we express for any l ∈ {0, ..., 2m−k−1}
the 2k-qubit state |ψk(~α)〉2kl,...,2k(l+1)−1 of qubits with
indices 2kl to 2k(l+1)− 1 in the Schmidt decomposition
of its first particle, i.e. the particle with index 2kl, with
the rest, i.e.
|ψk(~α)〉2kl,...,2k(l+1)−1 = d1 |a1〉2kl |φ1〉~l + d2 |a2〉2kl |φ2〉~l .
Note that the states occuring on the right-hand-side of
the equation above depend on the value of k. However,
as we never consider in the following this decomposi-
tion for different values of k, we do not indicate this de-
pendency explicitely. For example, we express the state
|ψ3(~α)〉0,...,7 of the first eight qubits as
|ψ3(~α)〉0,...,7 = d1 |a1〉0 |φ1〉1,...,7 + d2 |a2〉0 |φ2〉1,...,7 .
Here the vector ~l in |φi〉~l indicates that this is a state
of particles 2kl + 1, . . . , 2k(l + 1) − 1. Clearly, di 6= 0
as the 2k-qubit state is multipartite entangled and
〈ai|aj〉 = 〈φi|φj〉 = δi,j .
Let us now define the (2m − 2k+1 + 2)-qubit state
|Φi,j〉 = |ai〉0 |aj〉2k
2m−k−1⊗
l=2
|ai〉2kl |φi〉~l , for i, j ∈ {0, 1}.
Note that this state does not include particles 1, . . . , 2k−1
and 2k + 1, . . . , 2k+1 − 1. Next, we project both sides of
the eigenvalue equation UkSU
†
kS
−1 |ψm(~α)〉 = |ψm(~α)〉
on the state |Φi,j〉, i.e. we get
〈Φi,j |UkSU †kS−1|ψm(~α)〉 = 〈Φi,j |ψm(~α)〉. (B7)
In order to simplify this expression recall that K(m, k)
in Eq. (B1) can be expressed asK(m, k) = K˜(m, k)12 (1l+
U0,2k) for an operator K˜(m, k) that does not act on the
particle with index 2k and which fulfills K˜(m, k) |Φi,j〉 ∝
|Φi,j〉.
Using the properties of K(m, k) it is easy to see that,
K(m, k) |Φi,j〉 ∝ 1
2
(1l + U0,2k) |Φi,j〉 ∝ (|ai〉0 |aj〉2k + |aj〉0 |ai〉2k)
2m−k−1⊗
l=1
|ai〉2kl |φi〉~l . (B8)
Using this relation, a straightforward calculation reveals that the right-hand-side of Eq. (B7) simplifies as follows,
〈Φi,j |ψm(~α)〉 = 〈Φi,j |K(m, k)|ψk(~α)〉⊗2
m−k ∝ (〈ai|0 〈aj |2k + 〈aj |0 〈ai|2k)
2m−k−1⊗
l=1
〈ai|2kl 〈φi|~l |ψk(~α)〉⊗2
m−k
∝ |φi〉~0 |φj〉~1 + |φj〉~0 |φi〉~1 .
Note that the symmetry UkSU
†
kS
−1 acts trivially on all particles on which |Φi,j〉 is defined (see Eq. (B6)). Hence,
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the left-hand-side of Eq. (B7) can be easily evaluated to
obtain
(Yk ⊗ Y −1k )(|φi〉~0 |φj〉~1 + |φj〉~0 |φi〉~1)
∝ (|φi〉~0 |φj〉~1 + |φj〉~0 |φi〉~1), i, j ∈ {0, 1}.
We hence obtain Yk |φi〉 = λi |φi〉 for i = 0, 1 and some
λi 6= 0. For i 6= j we subsequently get λ0 = λ1 = λ 6= 0.
Using these relations we obtain the following eigenvalue
equation,
(1l⊗ Yk) |ψk(~α)〉 = d1 |a1〉Yk |φ1〉+ d2 |a2〉Yk |φ2〉
= d1 |a1〉λ |φ1〉+ d2 |a2〉λ |φ2〉 = λ |ψk(~α)〉 . (B9)
Recall that the requirement of the Observation is that
|ψk(~α)〉, for 2 ≤ k < m, has only symmetries of the form
{σ⊗2ki }3i=0 and hence Eq. (B9) can only be satisfied if
Yk ∝ 1l. Looking at the definition of Yk we see that this
yields S(j) ∝ S(2k+j), for j ∈ {1, . . . , 2k − 1} and we can
set w.l.o.g.
S(j) = S(2
k+j), ∀j ∈ {1, . . . , 2k − 1}, 2 ≤ k < m. (B10)
For k = 2 we see from Eq. (B10) that S(1) = S(5) =
S1, S
(2) = S(6) = S2 and S
(3) = S(7) = S3 for some
invertible operators S1, S2 and S3. For k = 3 it is then
easy to see that also S(9) = S(13) = S1, S
(10) = S(14) =
S2 and S
(11) = S(15) = S3, etc. Hence, we obtain
S(4l+1) = S1, S
(4l+2) = S2 and S
(4l+3) = S3
for all l ∈ {0, ..., 2m−2 − 1}, which proves the observa-
tion.
Before we state the second observation needed in the
proof of Lemma 6 we define for |ψ〉 ∈ (IC2)⊗4 the maps
Λ1(ψ) =
〈
ψ−
∣∣
2,6
〈
ψ−
∣∣
3,7
1
2
(1l + U0,4) |ψ〉⊗2 ,
Λ2(ψ) =
〈
ψ−
∣∣
1,5
〈
ψ−
∣∣
3,7
1
2
(1l + U0,4) |ψ〉⊗2 ,
Λ3(ψ) =
〈
ψ−
∣∣
1,5
〈
ψ−
∣∣
2,6
1
2
(1l + U0,4) |ψ〉⊗2 ,
where |ψ−〉 = 1/√2(|01〉 − |10〉) is the singlet state. It is
easy to show that the maps
λi : IC
4 → IC4 (B11)
~α 7→ λi(~α), s.t. Λi(ψ2(~α))‖Λi(ψ2(~α))‖ = |ψ2(λi(~α))〉
are well-defined for i = 1, 2, 3. Using the notation
(λi ◦ λj)(~α) = λi(λj(~α)) we can state the next observa-
tion, which implies that certain projections of |ψm+1(~α)〉
onto singlet states lead to a state |ψm(~γ)〉 which is con-
structed from a generic four-qubit state |ψ2(~γ)〉, even if
this procedure is applied recursively.
Observation 8. For almost all normalized ~α ∈ IC4, any
integer N and any ~k = (k1, . . . , kN ) ∈ {1, 2, 3}N it holds
that Sψ2((©Ni=1λki )(~α))
= {σ⊗4i }3i=0.
Proof. It is easy to see that, for almost every ~α ∈ IC4,
|ψ2(λi(~α))〉 is a generic element of the following set of
four-qubit states
P ≡
{
3∑
i=0
βiσ
(0)
i σ
(1)
i
∣∣φ+〉
02
∣∣φ+〉
13
s.t. βi ∈ IC,
3∑
i=0
|βi|2 = 1, β2 = 0, β2i 6= β2j for i 6= j, ∄ q ∈ IC \ {1} s.t. {β2i }3i=0 = {qβ2i }3i=0
}
,
for i = 1, 2, 3. It has been shown in [19] that the
stabilizer of the states in P is {σ⊗4i }3i=0. Thus,
Sψ2(λk1 (~α)) = {σ
⊗4
i }3i=0, which proves the observation
for N = 1. It is easy to show that P ⊂ Λi(P) and that
Λi maps almost all elements of P (up to normalization)
to an element of P , for i = 1, 2, 3. Hence, the state∣∣ψ2((©Ni=1λki)(~α))〉 ∝ (©Ni=2Λki)(ψ2(λk1 (~α))) is, for
almost every normalized ~α ∈ IC4, an element of P with a
stabilizer of the form {σ⊗4i }. This completes the proof
of the observation.
We can now use these observations to prove Lemma
6, which we state here again.
Lemma 6. For almost every normalized ~α ∈ IC4 the
stabilizer of the recursively defined 2m-qubit state
|ψm(~α)〉 ∝ 1
2
(1l+ U0,2m−1) |ψm−1(~α)〉⊗2 , m > 2,
is Sψm(~α) = {σ⊗2
m
i }3i=0.
Proof. We prove the lemma by induction over m.
That is, we first show that it is correct for m = 3,
i.e. Sψ3(~α) = {σ⊗8i }3i=0, and then we show that
Sψm+1(~α) = {σ⊗2
m+1
i }3i=0 if Sψk(~α) = {σ⊗2
k
i }3i=0 for
almost all normalized ~α ∈ IC4 and for all 2 ≤ k < m+ 1.
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Let us first show that the lemma is correct for m = 3.
Using that Sψ2(~α) = {σ⊗4i }3i=0 for generic ~α ∈ IC4, Obser-
vation 8 implies that any S ∈ Sψ3(~α) is of the form S =⊗1
l=0(S
(4l)⊗S1⊗S2⊗S3). Using thatX⊗X |ψ−〉 ∝ |ψ−〉
for any invertible X the eigenvalue equation S |ψ3(~α)〉 =
|ψ3(~α)〉 projected on |ψ−〉1,5 |ψ−〉2,6 leads to
(S(0) ⊗ S3 ⊗ S(4) ⊗ S3)
〈
ψ−
∣∣
1,5
〈
ψ−
∣∣
2,6
|ψ3(~α)〉
∝ 〈ψ−∣∣
1,5
〈
ψ−
∣∣
2,6
|ψ3(~α)〉 . (B12)
It is easy to see that〈
ψ−
∣∣
1,5
〈
ψ−
∣∣
2,6
|ψ3(~α)〉 ∝ Λ3(ψ2(~α)) ∝ |ψ2(λ3(~α))〉 ,
and hence Observation 8 states that Sψ2(λ3(~α)) = {σ⊗4i }
for generic ~α.
Combined with Eq. (B12) we obtain
S(0) ⊗ S3 ⊗ S(4) ⊗ S3 ∝ σ⊗4i . Analogously, we can
apply Λ2,Λ1 to obtain that any symmetry has to be
proportional to some σ⊗4i on the remaining parties. Com-
bining all these facts we have that Sψ3(~α) = {σ⊗8i }3i=0
and therefore the lemma is proven for m = 3.
Let us complete the prove by showing that the lemma
is correct for m + 1, if it is valid for all k < m + 1.
Due to Observation 7 we know that any symmetry of
|ψm+1(~α)〉 is of the form S =
⊗2m−1
l=0 (S
(4l)⊗S1⊗S2⊗S3).
In order to show now that the stabilizer of |ψm+1(~α)〉
is {σ⊗2m+1i }3i=0, we proceed analogously to before. We
project half of the qubits on both sides of the eigenvalue
equation S |ψm+1(~α)〉 = |ψm+1(~α)〉 onto singlet states to
relate the case m + 1 to the case m. More precisely, we
project onto the state
|Φ〉 =
2m−2−1⊗
l=0
∣∣ψ−〉
8l+1,8l+5
∣∣ψ−〉
8l+2,8l+6
, (B13)
and obtain the eigenvalue equation
〈Φ|S|ψm+1(~α)〉 = 〈Φ|ψm+1(~α)〉. (B14)
As shown in the proof of Observation 8, we have〈
ψ−
∣∣
8l+1,8l+5
〈
ψ−
∣∣
8l+2,8l+6
|ψ3(~α)〉8l,...,8l+7 ∝ Λ3(ψ2(~α))8l,...,8l+7 ∝ |ψ2(λ3(~α))〉8l,8l+3,8l+4,8l+7 .
Hence, Eq. (B14) can be written as
〈Φ|S|ψm+1(~α)〉 = 〈Φ|SK(m+ 1, 3)|ψ3(~α)〉⊗2
m−2 ∝ S˜〈Φ|K(m+ 1, 3)|ψ3(~α)〉⊗2
m−2
(B15)
∝ S˜K(m+ 1, 3) |ψ2(λ3(~α))〉⊗2
m−2 ∝ S˜ |ψm(λ3(~α))〉 = |ψm(λ3(~α))〉 , (B16)
where S˜ is a local symmetry on the remaining particles.
Here, we used the easily verifiable identity (see in Fig. 2
and Fig. 3)
K(m+ 1, 3) |ψ2(λ3(~α))〉⊗2
m−2
= |ψm(λ3(~α))〉 . (B17)
From Eq. (B16) we have that the symmetry on the
remaining particles, S˜, has to fulfill
S˜ |ψm(λ3(~α))〉 = |ψm(λ3(~α))〉 , (B18)
where, according to Observation 8, λ3(~α) is such that
|ψ2(λ3(~α))〉 has the stabilizer {σ⊗4i }3i=0. In an analo-
gous manner we can project on particles 8l + 1, 8l + 5
and 8l + 3, 8l + 7 or 8l + 2, 8l + 6 and 8l + 3, 8l + 7, for
l ∈ {0, ..., 2m−2 − 1} and obtain the states |ψm(λ2(~α))〉
and |ψm(λ1(~α))〉, respectively. Before we use the induc-
tion assumption we have to make sure that we perform
a valid inductive step if we reduce the state |ψm+1(~α)〉
to the states |ψm(λi(~α))〉, i = 1, 2, 3. This is the case
only if these reductions can also be applied to the states
|ψm(λi(~α))〉 themselves. It is easy to see that this condi-
tion is equivalent to the fact that the initial parameters
~α are such that
Sψ2((©Ni=1λki )(~α)) = {σ
⊗4
i }3i=0 (B19)
for all 1 ≤ N ≤ m and all ~k = (k1, . . . , kN ) ∈ {1, 2, 3}N .
For almost every normalized ~α this is, however, precisely
the content of Observation 8. We can therefore use the
induction assumption that |ψm(λ3(~α)〉 only has symme-
tries of the form σ⊗2
m
i and hence Eq. (B18) is only ful-
filled if S˜ ∝ σ⊗2mi3 for some i3 ∈ {0, 1, 2, 3}. We can
draw analogous conclusions for the projections on the
other particles, i.e. we obtain that, on the remaining
particles that remain after these projections, the sym-
metry is of the form σ⊗2
m
ik
for some ik ∈ {0, 1, 2, 3} and
k = 1, 2. Note that the particle with index 0 is a re-
maining particle for all of these projections and hence
i1 = i2 = i3. We therefore obtain S ∈ {σ⊗2
m+1
i }3i=0, i.e.
Sψm+1(~α) = {σ⊗2
m+1
i }3i=0, if Sψk(~α) = {σ⊗2
k
i }3i=0 for all
2 ≤ k < m+1 and almost every normalized ~α ∈ IC4. This
completes the proof.
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FIG. 3: This figure depicts the projection operation that
are used in the proof of Lemma 6. In (a) one can see how
the eight-qubit state |ψ3(~α)〉 is mapped on a four-qubit state
|ψ2(λ3(~α))〉 by projecting each of the pairs of qubits 1, 5 and
2, 6 on the singlet state
∣
∣ψ−
〉
. In (b) the result of (a) is
used to map |ψm+1(~α)〉 to |ψm(λ3(~α))〉. We build the former
state from 2m+1−3 copies of |ψ3(~α)〉 on which the operation
K(m+1, 3) acts. Then projections on the qubits 1, 5 and 2, 6
of each eight-qubit state are performed as shown in (b). Us-
ing the result of (a) it is easy to see that the resulting global
state is |ψm(λ3(~α))〉.
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